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ABSTRACT 

A two-boson realization of the second hamiltonian structure for the KP hierar- 
chy has recently appeared in the literature. Furthermore, it has been claimed 
that this is also a realization of the hierarchy itself. This is surprising because 
it would mean that the dynamics of the KP hierarchy — which in its usual for- 
mulation requires an infinite number of fields — can be described with only two. 
The purpose of this short note is to point out the almost obvious fact that the 
hierarchy described by the two bosons is not the KP hierarchy but rather a 
reduction thereof — one which is moreover incompatible with the reduction to 
the KdV-type subhierarchies. 
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Introduction 

The KP hierarchy 1 is the isospectral problem of the one- dimensional pseu- 
dodifferential operator given by 

\ = d + Y,u j dri, (1) 
j>o 

where the {uj} are assumed independent generators of a differential ring. The 
isospectral deformations are of Lax type and given by 

feN. (2) 

These flows are easily shown to commute and to be hamiltonian relative to an 
infinite number of (Dickey-Radul) bihamiltonian structures with hamiltonian 
functions (i.e., conserved charges) given by the Adler trace of the powers of 
the KP operator (1): Hi = jTrA e . The simplest and the original of these 
hamiltonian structures is given by 

{F , G} = Tr [(A dF) + A dG - (dF A) + dG A] , (3) 

where dF = J2j>o anc ^ similarly for dG. 

The KP hierarchy was originally introduced in order to unify the treatment 
of the generalized KdV hierarchies. The n th -order KdV hierarchy (n-KdV, for 
short) is the hierarchy of isospectral flows of the differential operator 

n-l 

L = 8 n + Y, , (4) 

3=0 

where, again, one assumes that the {wj} are independent and generate freely 
a differential ring. By taking its n th -root, we can think of the space of such 
operators as the subspace of KP operators (1) satisfying the constraint A" = 0. 
This constraint is preserved by the Lax flows and the constrained hierarchy 
is precisely n-KdV. Moreover, the n-KdV hierarchy is hamiltonian relative to 
the Adler-Gel'fand-Dickey bihamiltonian structure, which extends naturally 
(for each n) to one of the Dickey-Radul bihamiltonian structures of the KP 
hierarchy. 



Brevity forbids that we dwell on notation or on formalism, for both of which we direct 
the reader to Dickey's comprehensive treatise [1]. 
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The "second" bracket of this bihamiltonian structure has an expression 
analogous to (3). If F and G are functions of L, their Poisson bracket is given 
by 

{F, G} = Tr [(LdF)+LdG- (dF L) + dG L] , (5) 

where now dF = YJjZld-^ 1 ^- and similarly for dG. The Kupershmidt- 
Wilson theorem relates this bracket with a much simpler one in another set of 
variable to which the {wj} are related by the Miura transformation. Indeed, 
formally factorizing the operator (4) into linear terms 

L = (d-v 1 )(d-v 2 )---(d-v n ) , (6) 

defines an embedding of the differential ring generated by the {wj} into the 
differential ring generated by the {vj}. On the space of the {vj} we can define 
a very simple bracket, namely 

{vi(z) , Vj(w)} = 5ij5'{z - w) , (7) 

which induces a bracket on the {wj} through their embedding via the Miura 
transformation. What the Kupershmidt-Wilson theorem asserts is that the 
induced bracket is precisely (5). 

Although the Kupershmidt-Wilson theorem holds for n-KdV for all n, 
a similar result of the KP hierarchy is lacking, despite recent claims to the 
contrary in the literature [2] , [3] . The origin of these claims is the remarkable 
transformation due to Wu and Yu of the KP operator (1) in terms of two 
bosons [4] , obtained by deforming in a natural way the bosonized two-fermion 
realization of Woo- Let us consider the following "factorization" of the KP 
operator 2 

A = V + vV~V (8) 

where V = d + v + v. This maps the differential ring generated by the {uj} to 
the differential ring generated by v and v in such a way that, if on this latter 
ring we define the Poisson brackets 

{v(z) , v(w)} = S'(z — w) 

{v(z) , v(w)} = {v(z) , v(w)} = , 



2 This is a slight modification of the original transformation of Wu and Yu in that we 
add a zeroth order term to the KP operator. We find this factorization has nicer 
formal properties. Of course, the main points of this discussion are impervious to this 
modification. 
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the induced brackets coincide with the "second" hamiltonian structure for the 
KP hierarchy [5]. This means that the KP flows (2) induce flows in v and v 
which are simply given by 



where the hamiltonians are now expressed in terms of v and v via (8). 

What has been claimed in [2] and [3] is that this hierarchy is in fact the 
KP hierarchy. This is not quite correct. We will prove that, unlike the Miura 
transformation (6), the mapping (8) is not an embedding. In other words, the 
mapping uj i— > Uj(v,v) induces relations on the {uj} which were not present 
originally. In the KP hierarchy the coefficients {uj} of the KP operator (1) are 
assumed to be independent and, in fact, the initial value problem for the KP 
hierarchy of equations is well-defined [6] (within a given class of functions) by 
specifying wj(x, ti = 0) independently for all j. Because of the extra relations 
imposed by (8), it is clear that there is initial value data for the KP hierarchy 
which can never be described by the two-boson hierarchy. Basically there is 
a large portion of the "phase space" of the KP hierarchy that the two-boson 
hierarchy does not describe. 

To prove this we will simply show that the map between differential rings 
induced by the transformation (8) is not an embedding. We do this by comput- 
ing the asymptotic dimensions of the differential rings in question. We make 
this manifest by explicitly writing down the simplest of the relations between 
the {ui} and showing explicitly that further reducing to the KdV hierarchy 
essentially collapses the phase space. 

The Miura-like transformation of Wu and Yu 

Let U and V denote, respectively, the differential rings generated by the 
{ui} and by v, v. The Wu-Yu transformation defined by (8) induces a differ- 
ential ring map ip : U — > V which can be explicitly described as follows. Let 
us introduce the formal integrals <fi, <fi of v, v : <f/ — v and = v. Then we can 



dv 





(9) 



write 



V = 8 + v + v = e"^9e^ , 



(10) 



and therefore 



A = e -*-* [d + vd^v] . 



(11) 
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Using the generalized Leibniz rule for d 1 , we obtain 



A = V + ^(-1)%(V J • v)d~ j - 1 , (12) 

3=0 

from where we can read off the action of the map ip on the generators: 

ip(u )=v + v <p(ui>o) = U(-V)^ 1 • v . (13) 

This extends uniquely to a map of differential rings in the obvious way. 

The differential rings U and V have natural gradations. We can define 
the following degrees: [v] = [v] = 1, [uj] — j + 1, and [/'] = [/] + 1 for any 
homogeneous element /. If we define U n (respectively V n ) as the subspace of 
U (respectively V) of homogeneous elements of degree n, we find that U = 
an d V = ©^lo Vn an d> moreover, that the map ip respects the 
grading and thus induces linear maps tp n : U n — > V n . It is clear that ip would 
be one-to-one if and only if each of the cp n would be too. We will show, 
however, that for n large enough, this cannot be the case since the dimension 
of U n exceeds that of V n - 

To see this, let us introduce the following formal sums: 

oo oo 

di q U = dimW n q n = 1 + Ui 71 )^ 
n—0 n=l 

oo oo 

ch q V = J2 dimV nQ n = l + ^V{n)q n , (14) 



n—0 n=l 

which defines U(n) and V(n). We can compute these sums exactly by noticing 

that U and V are polynomial rings in their generators and their derivatives. 

(i) 

Indeed, U is the polynomial ring in the variables for i,j = 0, 1,2, . . . of 
(i) 

degree [u\ ] = i + j + 1. Therefore, 

oo oo oo 

ch (7 w = TTTT- — _ = TT- _ . (15) 

i=o j=o v H ' n=i y H ' 

Similarly, V is a polynomial ring in i>W and for % = 0, 1, 2, . . . and its formal 
character is thus readily computed to be 

oo 

ch * v = n ■ (i6) 

n—1 ^ ' 
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We are interested in computing the asymptotic dimensions U(n) and V(n). 
This follows from a simple application of the theorem of Meinardus on the 
asymptotics of infinite produce generating functions (see, for example, Chapter 
6 in [7]). After a brief inspection we find 

U(n) ~ An- 5 / 6 exp (#n 2 / 3 ) , 

and 

V(n) ~ CrT^exp (Dn 1 / 2 ^ , 

for some constants A, B, C\ D which need not concern us here. Notice, that 
asymptotically U (n) > V(n) which proves that the maps ip n cannot be injective 
after some n and, therefore, that tp is not an embedding of differential rings. Its 
kernel will be a differential ideal of V generated by some polynomial relations 
among the {u{\. It would be very interesting to be able to write down these 
relations in general and thus obtain some intuition about the subhierarchy of 
KP defined by the two bosons. We have thus far only been able to compute 
the simplest ones. 

An explicit polynomial relation and inconsistency of the KdV reduction 

We just saw that for n large enough we expect to find polynomial relations 
among the {u{}. In fact, one need not go very far to find them. A short 
calculation yields 

ch q U = 1 + q + 3q 2 + 6q 3 + I3q 4 + 24g 5 + 48g 6 + 86g 7 

+ 160g 8 + 282g 9 + 500g 10 + 0(q n ) 
ch q V = 1 + 2q + 5q 2 + 10g 3 + 20q 4 + 36q 5 + 65g 6 + 110g 7 

+ 185g 8 + 300g 9 + 481g 10 + 0(q n ) , 

which shows that our first polynomial relation will occur for n < 10. 

In fact, one finds that the first relations appear at n — 6. There are three 
independent ones, of which the simplest is 

P = U3U1 — u\ + u' 2 u\ — U2U[ . (17) 

One can easily check that the above differential polynomial vanishes after 
substituting the explicit expressions of u\, ui and uj, in terms of v and v. The 
other two relations involve and would therefore not be relations in the map 
defined originally by Wu and Yu (see previous footnote). 
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Let's see how this relation behaves under a further reduction to the KdV 
hierarchy. This reduction corresponds to (A 2 )_ = 0. This imposes polynomial 
relations among the {m} of the form -Uj>2 = Pi{uj<i). In particular — dropping 
uq for convenience — we find 

U2 = —\u'i and M3 = ^u" — ^uf . (18) 

We see that (17) is consistent with (18) if and only if logiti obeys the Liouville- 
type equation 

(logui)" = -2«i . (19) 

However, further relations appear which impose other relations on u\ besides 
(19) and cause further collapse of the phase space. Notice, parenthetically, 
that these are all kinematical constraints. The dynamics impose no further 
constraints since both the KdV and Wu-Yu reductions are preserved by the 
KP flows: for the KdV equation the result is classical, whereas for the Wu-Yu 
reduction it follows from the fact that the hamiltonian structures correspond. 

Conclusions 

In summary, we have shown that unlike in the case of the n-KdV hier- 
archy, the Miura-like transformation induced by the factorization (8) of the 
KP operator is not an embedding of differential rings. This has the following 
somewhat formal consequences. 

On the one hand, the result of Wu and Yu on the induced hamiltonian 
structures does not constitute — the authors never claimed it did — an indepen- 
dent proof of the Jacobi identity for the bracket (3), as the Kupershmidt- 
Wilson theorem does for the case of the Adler-Gel'fand-Dickey bracket. This 
is because in checking the Jacobi identity in terms of v and v we are actually 
not performing the calculation in the ring U but in its image under (p. Thus 
a priori the Jacobi identities hold only modulo ker tp. It is in this sense that a 
theorem analogous to the Kupershmidt-Wilson theorem does not yet exist for 
the KP hierarchy. Of course, the Jacobi identity for the bracket (3) has been 
proven directly in [5]. 

And on the other hand, the two-boson hierarchy is not the KP hierarchy 
but rather a reduction thereof. The existence of polynomial relations also 
make it impossible a priori to reconstruct the KP hierarchy from this one, 
since there is no guarantee that all the conserved charges will remain nontrivial 
when written in terms of v and v. It would be very interesting to elucidate 
this point. 

Despite these formal drawbacks, (8) remains a most remarkable transfor- 
mation and the two-boson hierarchy an interesting novel reduction of KP. 
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